PARAMETERIZATIONS

What is a parameterization?

= function from some region Q ¢ R?
to the embedded surface M c R3

x(14;v) NP
S(M,V) = y(u,v)
z(u,v) \GEEB

= we go the otherway around
= how to measure distortion?
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MEASURING DISTORTION

Dirichlet energy of a map tinka/oithiergs)
® harmonic param: Agu=0 ufyo =uy
Ep() = [ (Vsu)?dA
= minimizer is discrete harmonic
0 =Y j(cotay;+cota;)(u; —u;)

angles in mesh

texture coords.

= need to fix boundary

CS177 (2012) - DISCRETE DIFFERENTIAL GEOMETRY

49




HARMONIC MAP

Properties of minimizer
= link with area of triangle??

ds ds\ _nllA = l/ 95 o 95 | gy
<m,%> — O 2 T aul al/lz
~~ < 1 [ |9s]]|9s
= 2 Jp|dur]| |duy

up |~ |dup| |- 1 s s
s 4/T(au1> +<au2) du

conditions for u
to be conformal
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CONFORMAL ENERGY

Minimize non-orthogonality
liLSC“d(li)::f%jéjYVMf‘——‘7u2|ch4

3 \Vui 2+ | Vup|* = 2Vui- - Vup dA

o

S
IVu|? — 2V x VuydA

I
DO —
S

—

u) —A(u)
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IN THE COMPLEX PLANE

Affine maps between triangles
= two triangles uniquely determine

()= (ar ez ) (5)+ ()

= decompose linear part unlquely
A=3(A+JAT) +5(A—JAJ)
= using c(afsomeiclr{af a0 )
A(z) =uZ+A
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MAPS BETWEEN TRIANGLES

Holomorphic parameterization

m differential is stretch rotation
A(z) =,uZ—|—M

(df (X) = Jdf (JX))
(df (X) +J df (JX))
lalfl2 2]l + %)

Lea
2
Lea
2
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USING IT..

Energies
= Dirichlet
Ep(f) =1 [ lafPaa= ¥ (1P + P2
= Holomorphic ik
En() =1 [ fPda =Y luAi
= fun fact fijk

ALY = Y (M2 = A

2Eq(f) = Ep(f) —A(f) N\ detar = -
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COMPUTING IT

(Anti-)Holomorphic part
u= ﬁ%(ﬁpjﬁrfjpkﬁfkpij)
A= ﬁ(ﬁﬁjﬁrfjﬁkﬂrfkﬁij)
= compare with
gradf = 5N X (fip ji+ fipki + fepif)
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DISCRETE CONFORMAL

Minimizer of conformal energy
m Ec(u) =Ep(u) — Area(Range(u))

Fixed boundary: \V/ EC (ll) —0 Free boundary:

Dirichlet condition

match gradient of area
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LITTLE ASIDE

What’s the param of a flat mesh?
= itself...

Notion of Barycentric Coordinates

= vertex can be “reconstructed” by a
linear combo of its neighbors

= try it on cot formula...
= can you think of other weights?
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RECAP

Invariants as overarching theme

= shape does not depend on
Euclidean motions

m metric and curvatures

m smooth continuous notions to
discrete notions

= variational formulations
m careful: generally only as averages
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TooLs

Operators we have now
= volume gradient: notion of normal

= area gradient: notion of normal

m also: mean curvature 1 Harmonic

= smoothing, parameterization,
/editing (bi-Laplace-Beltrami) ™\_

Flow AgS —0 Conformal
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DOWN THE LINE

Approach so far
= essentially linear: PL mesh...
= same equations can be derived with

m DEC: discrete exterior calculus
= coming right up!
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